An optimal decision model is developed to explore the impact of the structure of knowledge on specialization and cooperation in research. It shows that, (1) the degree of specialization in knowledge increases with the depth of knowledge and cooperation efficiency, and decreases with the average number of disciplines that are required for the solution of the problem; (2) the problem which requires the knowledge of more disciplines is likely to be solved by more cooperative researchers. Conclusion (2) and part of conclusion (1) are tested by empirical evidence in economic study, where the sample comes from the papers published in the Journal of Political Economy.
Introduction
During the last few decades, collaboration in research has become more and more popular. In economic research, for example, from 1976 to 1979 there were a total of 217 papers published in the article category of the Journal of Political Economy (JPE).
1 Among them are 141 papers (65%) by one author, 70 papers (32%) by two authors, and 6 papers (3%) by three authors. From 2000 to 2003 there were a total of 183 papers in the same category. Among them are 61 papers (33%) by one author, 88 papers (48%) by two authors, 30 papers (16%) by three authors, and 4 papers (2%) by four authors. If the author is regarded as the researcher of the relevant problem, it shows that not only the proportion of cooperative research, but also the number of cooperative researchers of a problem has increased.
According to Barnett et al. (1988) , there are four reasons for the rise in multi-authorship. The first is the increase in the opportunity for specialization and division of labor. The second is the increase in the opportunity costs of time for reviewers of manuscripts, and It seems that all papers discussing co-authorship, except the MM and F models, focus on empirical analysis.
2 With various methods and from different points of view, McDowell and Melvin, Barnett et al., Piette and Ross (1992) , Hudson (1996) , and Laband and Tollison (2000) all validate the relationship between specialization and co-authorship. 3 Unlike the previous empirical models, the empirical results in this study support the results that the depth of the necessary knowledge is positively correlated with co-authorship and the degree of specialization in knowledge. Among the co-authorships, the results show that problems related to more than one discipline are likely to be solved by more cooperative researchers.
This article is organized as follows. Section 2 provides a model, and Section 3 provides empirical analyses. Section 4 concludes the article, and all the proof of the propositions are contained in Section 5.
Model
In this section a model is developed to show the impact of the structure of knowledge on specialization and cooperation in research.
Assumptions
Assume that every researcher goes through two stages, each endowed with one unit of time. The researcher learns the knowledge in stage 1, and solves the problem in stage 2.
In this model, there are two disciplines denoted by the space of knowledge, K 1 and K 2 . For i = 1 and 2, the space of knowledge It is assumed that if a researcher wants to learn the knowledge (x, d), he or she needs to learn all the background of (x, d) -the knowledge in the area of triangle ∆ABC, where A = (x, d), B = (x -d, 0), and C = (x + d, 0) (see Figure 1) . The assumption reveals a pyramidal structure in knowledge: the knowledge needs a wider background at the lower level. Fox and Faver (1984) discuss specialization and cooperation in research, but no model and empirical methods are used.
3 Some of these papers and others, such as Presser (1980) , Schweser (1983) , Hollis (2001) The cost function of learning is defined as the amount of time spent learning, which relates to the area of knowledge (including the background research). In learning the knowledge of ∆ABC (see Figure 1) , for example, a researcher needs to spend the amount of time that is equal to the area of ∆ABC.
This article explores research (the solving of a problem) only through the relationship between the problem and the necessary knowledge. The problem (q) is defined as the function of necessary knowledge. There are two situations. First, q(k i ) denotes that the solution of the problem needs only knowledge k i (i =1 and 2). Next, q(k 1 , k 2 ) denotes that the solution of the problem needs knowledge k 1 and k 2 , where k 1 ∈K 1 and k 2 ∈K 2 . For the sake of simplicity, it is assumed that, to a researcher, the problems have the same depth, i.e. k 1 and k 2 have the same depth (
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It is assumed that the spaces of knowledge, K 1 and K 2 , are symmetric, and the knowledge in each space is symmetric: it is assumed that p 1 = p 2 ; for problem q(k i ) ∈Q(d), k i is evenly distributed on X i , where i = 1 and 2; and for problem q(k 1 , k 2 ) ∈Q(d), (k 1 , k 2 ) is evenly distributed on X 1 × X 2 . Under the symmetric conditions, a researcher would not consider the position of his or her knowledge. Thus researchers may choose knowledge across the space of knowledge, and hence it can be assumed further that a researcher can solve the problem by cooperating with another researcher who has complementary knowledge.
In stage 1 a researcher needs to learn what is needed for solving problems in stage 2. Since it is assumed that for a researcher the problems he or she faces have the same depth, say d, and assumed that the learning involves learning the background, the knowledge the researcher learns in space K 1 and K 2 satisfies 
Lemma 1: Given the depth of the knowledge d, assuming that a researcher spends l i units of time learning the knowledge in K i , then his or her potential structures of knowledge in K i (see Figure 2 ) satisfy
where i = 1 and 2, m i is the width of the knowledge, s ij (= A ij+1 -D ij ) represents the distance between the segments A ij D ij and A ij+1 D ij+1 , and n i is the number of the segments.
Lemma 1 shows that, given the learning time, he or she will achieve wider knowledge by choosing one segment, compared to choosing more than one segment. Since it is assumed that a researcher needs to learn the background of the knowledge which displays a triangle structure, when he or she chooses more than one segment -for example, segments A i1 D i1 and A i2 D i2 in Figure 2 -these two segments can share the background ∆E i1 B i2 C i1 . As distance D i1 A i2 decreases, point E i1 moves up and hence the two segments share more background. Given the time spent learning, the more the segments are shared, the wider the knowledge the researcher has. Thus, the researcher has the widest knowledge when points D i1 and A i2 overlap.
After learning the knowledge in stage 1, a researcher will solve the problem in stage 2. The utility function of research is defined as follows: if a researcher solves the problem solely, he or she will get one unit of utility. Next, if he or she solves the problem with another researcher, he or she will get 0.5 units of utility.
4 Last, if he or she fails to solve the problem, he or she will get nothing.
If a researcher acquired the knowledge sets S 1 K 1 and S 2 K 2 in stage 1, he or she could solve solely the problem q(k i ) if k i ∈S i (i = 1 and 2) and the problem q(k 1 , k 2 ) if (k 1 , k 2 ) ∈S 1 ×S 2 . In addition, he or she could cooperate with another researcher to solve the problem q(
×S 2 , where S c denotes the complement set of S. However, he or she could not solve the problem q(
The cost function of research can be defined in three situations. First, when a researcher solves a problem solely, he or she needs l units of time to spend solving the problem. Next, when he or she solves a problem with another researcher, he or she needs to spend αl (α > 0.5) units of time, which includes the time spent researching together with the other researchers. Thus α is an inverse index of cooperation efficiency. Last, when he or she fails to solve a problem, he or she still needs βl (β < 1) units of time to spend investigating.
In stage 2 a researcher has one unit of time for research. Thus the average expected utility per unit of time is used as the researcher's objective function in the optimal decision.
(2.3)
The Optimal Decision
For a researcher, the optimal decision is choosing the structures of knowledge in stage 1 for the purpose of the maximum average expected utility in stage 2. From (2.2) and (2.3), it is given: (2.4) st: l 1 + l 2 = 1, where l 1 ≥ 0 and l 2 ≥ 0 S 1 and S 2 , and m 1 and m 2 satisfy (2.2)
Proposition 1: The researcher has two potential choices in the optimal decision (2.4). When (2.5a) is satisfied, the researcher will acquire knowledge in two disciplines, K 1 and K 2 , in stage 1. When (2.5b) is satisfied, the researcher will specialize in acquiring knowledge in one discipline, K 1 or K 2 , in stage 1. In the optimal states, his or her average expected utility (AEU), the number of segments in discipline K i (n i ), and the width of knowledge (m) satisfy Table 1 . Table 1 The optimal decision
Structure
The variables in optimal states
Proposition 1 reveals several conclusions.
(1) The number of disciplines a researcher chooses is an inverse index of the degree of specialization in knowledge. The number of disciplines a researcher chooses decreases with the depth of the knowledge and the cooperation efficiency, and increases with the average number of disciplines required for the solution of the problem. This model shows that when the depth of the knowledge (d) and the cooperation efficiency (1/α) are small enough to satisfy (2.5a), the researcher will learn two disciplines (the knowledge in K 1 and K 2 ). On the other hand, when the depth of the knowledge and the cooperation efficiency are large enough to satisfy (2.5b), the researcher will learn one discipline (the knowledge in K 1 or K 2 ).
Since it is assumed that a researcher needs to learn the background of the knowledge which displays a triangular structure (see Figure 1) , there is a trade-off between the economies of specialization in knowledge and the cooperation cost. Compared with the situation where two disciplines are learnt, when only one discipline is learnt, a researcher saves time, but at the cost of increasing the probability of cooperation, in which he or she needs to pay the cost of cooperation. Thus, as the depth of the knowledge increases when the researcher needs to spend more time doing background research, or as the cooperation efficiency increases, he or she prefers more in the specialization of knowledge.
From (2.5a) and (2.5b), the larger the value of p 1 or the smaller the value of p 3 , the more likely it is that a researcher learns the knowledge in one discipline only. In addition, from (2.1a), (2.1b) and (2.1c) the average number of disciplines with which a problem is solved is
Thus, the number of disciplines a researcher learns increases with the average number of disciplines with which the problem is solved. From the previous analysis comes conclusion (1).
(2) Besides the kind of knowledge, the width of knowledge (m) is an inverse index of the degree of specialization in knowledge. It is shown that m decreases with the depth of the knowledge (d) (see Table 1 ). This is mainly due to the limited time spent learning. The deeper the knowledge, the more time the researcher spends doing background research, and hence the narrower the knowledge gained is.
Conclusions (1) and (2) reveal that the degree of specialization in knowledge is positively correlated with the depth of knowledge. Since conclusions (1) or (2) cannot be tested directly, for convenience, a corollary of conclusions (1) and (2) will now be given.
Corollary 1:
Under the condition that the problem has been solved, the condition probability in which the problem is solved by cooperative researchers is positively correlated with the depth of knowledge d.
Why is the conditional probability used instead of the probability in Corollary 1? There are two reasons. The first is that there is only a sample based on the problem having been solved (the paper having been published), but there is no sample based on the problem failing to be solved. Thus the probability in empirical analysis is the conditional probability given the condition that the problem has been solved. Next, from (2.3), the probability of the problem being solved by cooperative researchers is
As depth d increases, set S i decreases but set S c i
increases, where i = 1 and 2. Thus probability (2.7) may increase or decrease. However, under the condition that the problem has been solved, the conditional probability in which the problem is solved by cooperative researchers is
As depth d increases, the conditional probability (2.8) increases. This conclusion includes the situation where d changes from structure 1 to structure 2.
(3) Another characteristic of the specialization of knowledge is that a researcher prefers to choose an interconnected set (a segment) in one discipline (see Table 1 ). As shown in Lemma 1, because of reducing the amount of background, a researcher will get a wider spectrum of knowledge by choosing one segment than by choosing more than one segment. Under the condition of the knowledge of a problem being evenly distributed in the space, there will be a higher probability of the researcher solving the problem when he or she has a wider area of knowledge. Thus, in the optimal decision, the researcher will choose one segment of knowledge in one discipline.
(4) This model shows that the problems that need knowledge in more disciplines are likely to be solved by more cooperative researchers. For the convenience of testing, this conclusion is represented by Corollary 2. Denote r the number of cooperative researchers, q(I) the problem which needs I kinds of knowledge to be solved, p{q(I) I, r} the condition probability in which the problem q(I) is solved by r cooperative researchers under the condition of I and r, and I(r) the optimal solution of (2.9). I(r) is the number of disciplines with which the problem is solved in maximum conditional probability. That I(r) increases with r means that as the number of researchers increases, the number of disciplines with which the problem is solved in maximum conditional probability increases. It implies that the problem that needs more disciplines is likely to be solved by more cooperative researchers.
Evidence
In this section empirical evidence is used in an economic study to test the impact of the structure of knowledge on the specialization and cooperation in research.
Generally, economic study needs three disciplines: economics, mathematics, and statistics. Here, other relative knowledge is classified into one of these three disciplines. For example, some areas of social science are classified as economics, and software knowledge is classified as mathematics or statistics. Usually mathematics is used in model construction and statistics is used in empirical analysis.
A published paper represents a problem which has been solved. Since problems that have not been solved cannot be taken into account, the probability in this section is the condition probability under the published papers. The author / authors of a published paper is/are regarded as the researcher / cooperative researchers.
From 2000 to 2003 there were a total of 183 papers in the article category in JPE. Among them there are 61 papers (33%) with one author, 88 papers (48%) with two authors, 30 papers (16%) with three authors, and four papers (2%) with four authors. Divided by usage method, there is only one paper (0.5%) that does not use the model method and empirical method, 77 papers (42%) that use the model method but not the empirical method, 68 papers (37%) that use the empirical method but not the model method, and 37 papers (20%) that use these two methods at the same time. The conditional probability in which the paper has more than one author
The conditional probability in which the paper has more than two authors In this model, variable p r>1 represents the conditional probability in which the paper has more than one author, and p r>2 the conditional probability in which the paper has more than two authors under the condition that the problem has been solved. Variables mod and emp are defined as follows: mod = 1 if the paper develops, not just cites, a microeconomic and / or macroeconomic, but not pure econometric, model, otherwise mod = 0; for the variable emp, emp = 1 if the paper includes empirical evidence (part of the conclusion is tested by an econometrics model and / or experiment), otherwise emp = 0. Moreover, the variable mod is divided into two parts, dyn and nondyn. First, dyn = 1 if the paper develops, not just cites, a dynamic program model, otherwise dyn = 0; next, nondyn = mod -dyn. This means that if the paper develops, not just cites, a non-dynamic program model, nondyn = 1, otherwise nondyn = 0. Note.-Numbers in parentheses are t-statistics. * Equation (6) is an ordinary least squares regression which tests the multicollinearity between constant and independent variables.
Probit regression equation (1) shows that constant is not a significant variable. This is because there is only one sample that doesn't use either the modeling or the empirical method in these 183 samples, and hence there is multicollinearity between constant, mod, and emp. The degree of multicollinearity is more serious when other variables, such as mod*emp (see regression (6)), nondyn*emp, or dyn*emp, are introduced into the model, thus the constant is omitted in the regression. First, Corollary 2 will be tested. Equation (2) shows that variable mod*emp is not a significant variable. Equation (3) shows that the marginal contributions of mod and emp to p r>1 are 0.40 and 0.35, respectively. This reveals that p r>1 (the conditional probability in which the paper has more than one author) is positively correlated to the usage of the modeling method and / or the empirical method.
Equation (4) shows that, when the modeling method is the only used method in the paper, the marginal contribution of mod to p r>2 is -1.13, and when the empirical method is the only used method in the paper, the marginal contribution of emp to p r>2 is -1.05. This reveals that p r>2 (the conditional probability in which the paper has more than two authors) is negatively correlated to the usage of only one method. However, when both methods are used in the paper, the marginal contributions of mod and emp to p r>2 are 0.66 and 0.74, respectively. This reveals that p r>2 is positively correlated to the usage of these two methods at the same time.
Comparing equations (3) and (4), it can be seen that the use of only one method in the paper is positively correlated with the conditional probability that the paper has two authors, but negatively correlated with the conditional probability that the paper has more than two authors, which, however, is positively correlated with the use of two methods at the same time. These empirical results support Corollary 2 -the problem that needs more disciplines is likely to be solved by more cooperative researchers.
Next, we will test the impact of the depth of knowledge on the degree of specialization in research (Corollary 1). Equation (5) shows that when the modeling method is the only used method in the paper, the marginal contributions of nondyn and dyn to p r>2 are -1.36 and -0.86, respectively. On the other hand, when the empirical method is also used, the marginal contributions of nondyn and dyn to p r>2 are 0.33 and 0.93, respectively. In these two situations the marginal contributions of dyn to p r>2 are larger than those of nondyn. Since models of dynamic programming are on average "deeper" than models of non-dynamic programming, these empirical results show that the maximum conditional probability p r>2 is positively correlated with the depth of the knowledge. Thus, it supports Corollary 1.
Conclusion
In this paper an optimal decision model has been developed to explore the impact of the structure of knowledge on specialization and cooperation in research. A researcher will solve a problem solely (with a cooperative researcher) if he or she has all (part of) the knowledge needed to solve the problem, otherwise he or she fails to solve the problem. With any problem, a researcher knows the distribution of the necessary knowledge before study commences. His or her optimal decision is the average expected utility maximization, achieved by choosing the structures of knowledge in stage 1 and studying the problem in stage 2.
The model shows that, (1) the degree of specialization in knowledge increases with the depth of the knowledge and the cooperation efficiency, and decreases with the average number of disciplines with which the problem is solved; and (2) the problem which requires knowledge of more disciplines is likely to be solved by more cooperative researchers.
Moreover, part of conclusion (1) -the degree of specialization in knowledge increasing with the depth of the knowledge -and conclusion (2) 
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Proof of Proposition 1
There are two structures in the optimal decision (2.4).
(1) The researcher will learn two disciplines (knowledge in K 1 and K 2 ) in stage 1. Lemma 1 shows that, given the time spent learning, the researcher will get wider knowledge by focussing on one segment, compared with choosing more than one segment. Under the condition that the knowledge is evenly distributed, he or she will have a higher probability of solving the problem when he or she has a wider area of knowledge. Thus, in the optimal decision he or she will choose one segment of knowledge in a discipline. Thus n 1 = n 2 = 1 and hence m = m 1 + m 2 = (1 is satisfied, structure 2 should be chosen.
Proof of Corollary 1 From (2.3) the condition probability in which the problem is solved by two cooperative researchers under condition that the problem has been solved is When (2.5a) is satisfied, structure 1 is the best structure, thus (5.3)
The condition probability p{r = 2 published} decreases with d.
When (2.5b) is satisfied, structure 2 is the best structure, thus (5.4)
The condition probability p{r = 2 published} does not change with d.
Given k, d is larger in (2.5b) than that in (2.5a). Comparing p{r=2 published} in these two structures:
(5.5)
